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1 A A? 5
(EGE = -5 [ Veodx =T [ vk - yIvo)dxdy +0G?)
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as AN 0.

The family H,(u) given by below can be seen as a discrete counterpart of a
continuous nonlocal Schrédinger-type operators appearing as a diffusion generator
in certain stochastic models (see e.g. [2-6]). At the same time, they can also be seen
as an effective one-particle discrete Schrodinger operator H,, (u; K) parametrized by
quasi-momenta K € T d, associated to the Hamiltonian of a system of two arbitrary
and/or identical particles in d-dimensional lattice Z¢(see e.g. [4-11]).

Such lattice models have become popular in recent years because they represent
a minimal, natural Hamiltonian describing the systems of ultracold atoms in optical
lattices — systems with highly controllable parameters such as lattice geometry and
dimensionality, particle masses, tunneling, temperature etc. (see e.g., [7,8,9,10] and
references therein). In contrast to usual condensed matter systems, where stable
composite objects are usually formed by attractive forces and repulsive forces
separate particles in free space, the controllability of collision properties of ultracold
atoms allowed to observe experimentally a stable repulsive bound pair of ultracold
atoms in the optical lattice Z3, see e.g., [1,4,7].
2. DISCRETE SHRODINGER OPERATOR
In the momentum space representation, the operator acts in L2(T?) by
Hy(w):= Hy + puV;, p>0.
The free Hamiltonian H, is the multiplication operator in L?(T?) by the function
&= 2nFé
so-calledthe dispersionrelation ofthe particle andthe potentialV, ;, acts onL?(T?) as
a convolution operator

f () = v(p) f o @f (@)dq
T2

definedinL?(T?),where v(-)is a givennonzero real-analyticfunction onT?2. By the
clasic Weyl theorem we obtain
O-ess(Hv(.u)) = 0(Hp) = [€min Emax), u>0,
where
Emin: = MIN &, £ = MaAx €.

Inwhatfollowswe always assume:

Hypothesis 1 The dispersionrelationeis a real-valued evenfunction,
symmetricwithrespectto coordinate permutations andhaving a non-degenerate
unique maximum att = (m, ™) € T2.Moreover, €is analyticnear7.

Remark 1 In view of Hypothesis 1

d d
Ve(®) = (a_qgl (ﬁ),a—;(ﬁ)> = (0,0)

and the Hessian
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is strictly negative definite. By the symmetricity of €

0% d%e 02 02
aqz( ) = aqz (M) <0 and a_qf(ﬁ) > ‘aqlaqz @|.
Moreover, bythe Morse lemma there exist a neighborhoodU () c T? of7t € T? and
an analyticdiffeomorphismy: B, (0) — U(@),where B,(0) € R%is «a discinR?
ofradiusy € (0,1)centered atthe origin, suchthaty(0) = 7 and
8(1/)()/)) = &max — yZ’ S By(o)-
Moreover, the Jacobian J(Y(y)) of Y is strictly positive in B, (0). We write

Jo:= %](1/)(0)) > 0.
3. MAIN RESULTS AND PROOFS
In this section we study theeigenvalues of operators by the min-max
principle, H, (1) can haveat most onecigenvalueoutside theessential spectrum. Also
note that z, > &, IS eigenvalueof H,(u) if and only if z, is a zeroof the
corresponding Fredholm determinant
v(q)*dq

A,(;z):=1— :
U(.u ) ,Ll -]'-11‘2 7 — g(q)
Such an equivalence will be frequently used subsequently. First we study the

existence of eigenvalues of H,, ().
Theorem 1. Let v be nonzero real-analytic function on T? and let

[ f v(q)*dq |
- T2 €max — E(Q)

Thenud = 0ifv(7) # 0 andu € (0, +)ifv () = 0.Moreover, for anyu >
uSthe operatorH, (p)has a unique eigenvalue z, (1) > &4, andthe corresponding
eigenfunctionis

v(p)
WP) = 2 - ey

Moreover, the function z,(+) is real-analytic, strictly increasing and strictly

convex in (u3, +0) with the asymptotics
Zy() N Emax as PN, (D
and

) = [ @ da +|[ viarda ] | vt +o(3)

as p — +oo. Finally, if v € L*®(T?) for some w € {0s,0a,ea,es}, then
L*®(T?) is invariant subspace of H, (1) and f,, € L*®(T?).

We drop the proof since the all assertions but the last one can be done along
the lines of [1, Theorem 2.1] using Proposition 1. The last assertion is obvious.

Next we study the asymptotics of z, () as u N ul.

Theorem 2.

(a) Assume that v(T) # 0. Then for sufficiently small and positive u > 0
1

1 1 m+1
Z,(1) = Emax t+ Cve—4"2]°v(ﬁ)2” + Z CrnmU"™ (_e_4n2]0v(ﬁ)zu> ,(2)
n,m=0 K

n+m=1
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where Jo > 0 is given by Remark 3.1, {c,m} are real coefficients,
We
Cp: = e4m? Jov ()2

and we € R is a constant depending only on &;

(b) Assume that v(t) = 0 and Vv(it) # 0. Then for sufficiently small and positive
0

H— Uy

¢, (1 — 1)
Zy(1) = Emax + (=19
1 PN
AT R R A (TR
+ Z Cnmk(ﬂ_ﬂv _ln( — 0) —1 ( _ 0) r(3)
R0, u—= MUy nu — Uy
n+m+kz1

Where {c,mi } are realcoefficients and

2 2 2 2
1 v .\ (Y ~ o .\ (9 = .
v = 212 o (uy)? <6q1 OT)) (6)}1 (0)> " (aCIZ (T[)) (aYZ (0)) ’

(c) Assume thatv () = 0 andVv (i) = 0.Thenforsufficientlysmall andpositive u —

0
Hy
Zy(W) = Emax + ¢ (1 — 1)
+ ) (= 1™ (= — i)l — )™, (3
n,mz=0,
n+m=1

where {Cpm} are real coefficients and

1 o(@?dg |
v (up)? UTZ (emax — e(q))2 >0

Proof. By the Theorem 1 u9 = 0 if v(7) = 0and pd > 0 if v(7) # 0. Recall
that z: = z,,(u) > emay IS an eigenvalueof Hy; if and only if its Fredholm determinant
AV satisfies

2d
AU(M:Z)=1—Mf vayda _, @)

122 — &(q) B
BY (1) z N £max as 1 N ud. Applied with v: = v? for sufficiently small u — ud > 0
(so that z — g, > 0 is also small) the equation (4) is represented as follows:
(a)ifv(m) # 0,

1
== 0 = 4@ = ) + ) 082 = )" IN(Z = )
K n=1
£ 0P )™ (5)
n=1
(b) if v(7) = 0 and Vv (%) # 0,
1_1_ ) n @ n
~T 0 Wy (Z - gmax) ln(z - Smax) + Wy (Z - ‘Smax) ’ (6)
Ho My n=1 n=1
where
9 “low -\ (o “low .\
') 2 v —s v —
w,’ =21 — () —(0 + [ =— (@) —(0 > 0;
! Jo (aql ) (a}’1( )> (aqz a}’z( )
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(c) if v() = 0 and Vv (7) = 0,
1 1

= D 00 )+ ) 0 = ) "Inz = ), ()
v

n=1 n=2
where

2 (gmax - E(Q))Z <0

Note thatthe Coefficients{w,gl)}, a),(lz)}in (5)-(7) are realnumbersdepending only
one.Setting

1

@ _ f v(q)*dq
wy” = —
T

A=p—pland a =z — gy
we represent (5) as

1
Z= w(gz) — 4% Jyv ()% Ina + z wMatna + Z wPam, (8)
K nz=1 nx1
(6) as
A
— ® )
—W—z Wy, a"lna+z Wy, am™ (9)
v v nz=1 nz=1
and (7) as
A
— ) ®
—W = z Wy, a™ + z Wy, a™na. (10)
v v n=1 n=2
(a) To find the implicit function & = a(u) solving (8) we set
1 1
@ = ¢ TRy + dy), 72 = - ¢ VTR, (11)
U
where
0@

0
dy:= e4m*Jov(@? > 0
and t is small if 4 > 0 is small. Inserting this change of variables in (8) we get
F(u,u,1):= wéZ) — 42 Jov()%In(u + d,y)

n-1
€] H
+ zl Wy, T”(u + do)n (W + ,Lln ln(u + d0)>
nz
+ Z @ (u + dy)™ = 0.
nz1

The function F(u,u,t) is real-analytic for small |u|,|u|,|7| and by the
definition of d,,

oF A2, v()>?
F(0,0,0) = 0Oand — (0,0,0) = _ATev®”
du dy
Thenbythe implicitfunctiontheoreminthe analyticalcase

forsufficientlysmall|u| and|t|there exists a unique u = u(u, t)solvingF (u, u, ) =
0 andisgivenbythe absolutelyconvergentseries

u= Z CnmM" T, (12)

n,m=0
where {c,,} are real coefficients. Since u(0) = 0,coq = 0. Inserting the
representation (12) of u in the expression of a in (11) we get (1).
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Before solving (9) and (10) in a first we observe that the function A: = A(-)

is continuous and satisfies
A(0):=limA(a) = 0.
aNo
By continuity, there exists a; > 0 such that A(a) € (0, u,/2) for all ¢ €
(0, 7). Thus, for such @ we can write

A A Z n
= =" ,(13)
o)A+ A/up)  (w)* & (k)™
thus,
yl (_1)n/1n+1 o @
+ ———— =, 'alna + v
W? L@ !
+ Z (w,(ll)a”lna + o),(lz)a”), a € (0,ay). (14)

n=2
(b) Since wil) > 01in (9), setting
( ) A InlnA™?
a=1t(————+u), t=——, 0:=-— ,
o (12 n nd
in (9) and using (13), as in (a) we get (2).
(© SinCewiz) < 0in (10), setting

1
a:=/1<—W+u>, 0:=—/11n/1,
w;” (Uy)?

in (10) and using (13), as in (a) we get (3).m
Finally we study the threshold resonances and threshold eigenfunctions.
Theorem 3. Let v(7) = 0 and
v(p)

fv(p) B Emax — S(p).

« Let Vu(7) % 0. Then f, € LI*(T*)\I2(T?).

s Let Vv (i) = 0. Then f,, € L*(T?).

Proof. Since both v(p)? and £(q) — gmax behave like (p — @)? near 7,
repeating a similar argument to Proposition 1 with v = |v| we get

: lv(p)|dp
sz Ifyldp = legnr:ax sz papon < +oo,

hence, f, € L(T?).NowifVv (%) # 0,thenv(p)?behaveslike (p — 7)? and(e(q) —
Emax) 2behaveslike (p — )*near,hence,

. lv(p)|dp
2 = =
Lz Ify|%dp = legrgaxfwz_g(p) +00,
hence, f, & L?>(T?).Finally, ifVv(%) = 0,thenbothv(p)? and(e(q) — emax)*behave
like (p — 7)*near andhence,

[ ity = tim
']I*Z

Z—€max
so thatf, € L?(T?). m
4. APPENDIX. ASYMPTOTIC EXPANSION OF SOME
INTEGRALS

f lv(p)|*dp < oo

2 (2 = £())?
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Proposition 1. Let € be continuous a real-valued even function, symmetric

with respect to coordinate permutations and having a non-degenerate unique
maximum at % € T%,d = 1,2. Moreover, assume that ¢ is analytic near 7. Then,
thereexists 6: = 6 (v, €) € (0,1) such that for any z € (&max, Emax + ) the function
B(z) is represented as follows:

cifd =1,

Mv(n’) + Z w;(z — gmax)%' (15)

Z — Emax 720

B(z) =

where {wj} are real numbers and power series converges absolutely;

cifd=2,
B(Z) = —n](lp(O))v(ﬁ)ln(z - gmax)
+In(z — &max) z (Uj(l) (2 = €max)’ + z (‘)j(Z) (2 = €max)’ (16)

j=1 j=0
Where {a)j(l)} and{wj(z)} are realnumbers andbothpowerseriesconverges absolutely.
Proof. Accordingto the hypothesis,
Ve(7) = 0andV?%e(7) < 0.
Moreover, bythe Morse lemma there exist a neighbourhoodU (77) c T¢ of € T¢
and an analyticdiffeomorphismy: B, (0) — U (7),where B, (0) c R%is a discinR®
ofradiusy € (0,1)centered atthe origin, suchthaty(0) = 7 and
W) = emax — ¥°

for all y € B),(0). Furthermore, the Jacobian J(1(y)) of map 1 is strictly positive
in B, (0). Then given z > &y,

B(2) =f erf v@da _ s L. 17)
uv@Z— e(q) TA\UF) Z ~ e(q)
Since 7 is the unique maximum of ¢, I, (+) is an analytic function of z in a (complex)
neighbourhood of &, so that
B k v(q)dq k
ZOEDNC oo G e e 08)

Its radius of convergence r; depends only on & (through U (7)) and v.

In I;(z) we first make the change of variables q = Y (y) and then use the
coarea formula to get

v(y )] (¥ (¥))dy
11( ) _-fo(O) yz_gmax-l_z

v
[ o] oV, a9
0 aBr(O)

2+ Z — Emax
where 9B, (0) c R%isthe sphere ofradiusr > Ocentred atthe origin and# ¢~ listhe
d — 1dimensionalHausdorffmeasure — the length ofthe sphere dB,(0). By the
Pizzetti formula® (see e.g. [4])

! The expression of the surface integral mean related to the Laplacian in R as a series in “radius-square”” whose
coefficients are, up to certain dimensional factors, the iterated of the Laplacian itself.
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F(%) d-1 — 2n
—=—| POV = Gt 20

2m2rd-1

nz=0
where
Co: = Cnaly (v (WG))) ly=0n = 0, (21)
with AY being the Laplace operator iny € R% and
I'(d/2)

A= g T(n + d/2)
andAlisthe Laplace operatoriny € R%.Since v,3 and/ are analyticfunctions,
takingy > Osmallerifnecessary, we assume thatthe Seriesin a7
convergesuniformlyinr € [0, y].Note thatby (18) forn = 0

Co = v(¥(0))](¥(0) = v(@) ((0)). (22)
Inserting (17) in (18) we obtain
2 Y 2n+d-—- 1d
hz) = n Z f r2r+ zZ— eI: (23)

n>O
where the series is uniformly convergent inr € [0,y]. By [5, Lemma B.1], for any
integern > 0 and s € (0,y/2),

(r(=s)"? . I
fy rmdr Tk + L, (s) if mis even,
Z+s 1 .
° i"i (—$)™=D2In(s) + ,(s) ifmis odd,

where [, andl,, are real-analyticfunctionsini/;: = {z € C:|z| < 1}.Moreover,

itiswell-knownthat
d/2

21 _ {2, ifd=1,
r@ds2) 2, ifd=2.
Therefore,
T R
I (Z) = —z Cn(gmax - Z)n + Z CnIZn(Z - gmax)
VZ ~ €max n=0 n=0
ford =1 and
[(2) = =00z = Emax) ) Culemax = 2"+ ) Caloss (2 = Ema)

nz0 n=0

ford = 2.Combiningthisrepresentation ofl; (z)withthe expansion (17) ofl,(z)
andtakinginto account (18) and (19) we obtainthe thesis ofthe propositionwiths: =
min{y/2,1,/2} € (0,1/2).m
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